







































































Math 1510 Week 5 es y X't 3 7

y _2x 13Higher derivatives
Y 2

For nzo definethe n th derivative yin O for n 3
of y fix to be egzfcxj s.in X

d t f dzddIf sinx if n 4m
DX

fins y cost if a 4Mt for mzodifferentiate n times Sim if n 4m 12

Other notations cost if n 4mt3

dd yM f n x EP fix _f f a

Sol fix f 1 1 2
3 f 1 1 6

4Second derivative

day Similarly f
n
x L 1 n th

d Y y f X f4x
f n 1 C1 N










































































Chain Rule egl adj it x xD
Let 1 be differentiable at a Sol Let fix _It x X gin _u
g be differentiable at f la then fix L 2x glut _Iou

Then got is differentiable at a d It x E gotikDX
g'tfix f X

gof a g flat flat to Htx f 911 2x
derivativeof derivativeof

Rmk Igof X g th
outerfunction innerfunction

f is called the inner function
ChainRule in anotherform intermsofvariables

Input X
g is calledtheouterfunction Intermediatevariable a HH
al f flat I 9 gof a Output y glut Igof xThen

dy dy dugot DX du DX










































































dy dy du In practice we can skipall the stepsabove
DX du dx

eg3 stanisinx
I

ddxfeog.xtcsc.ir Stam sin4xt5tan fsin4x

Sol Let U logzXtcscX 5

5tamseixsin4XYleog.x cscx p.lu U t 15 4sinxcosx

dy dy du Skippeddetails
DX du DX Let u tanx Let u sinx

IzuE fnz Cscxcotx y 5tan 5 y sin4x u4
dy dy dy dy

I ogzxtcscxl.SI xfnzcscxcotx dX du'ddI DX du
fln5 5 seek 4u3cosXderivativeof derivativeof

outerfunction innerfunction fln5 5tanseEx 4sin3xcosX










































































RepeatedUse of Chain Rule RepeatedUse of ProductRule
p i l

ffogohkxt ftlgohlxilgohl.hr Hgh fg ht Hg h
f glhcxtlg.lhkbh.hr If'gtfg htfgh

eg Consider sina.jo x4xxt1o fightfg'htfgh
ddxsinltx l x.io EX Find Ix lsecx lnx

coslxktxtlo.zgx.ly cz yAns X9secX l0lnxtxtanxlnx i

me ffg fgtfo 11
Differentiatelayerbylayer ffg fgtf'g't fg'tfg

Anotherform V x4tX 110 fgt2f'g't fg 121
U 1 411 110 IV fog fgt3fg't3f'gtfg 1331
y sinlx 1 x.io since

Then ddy ddyu day day
Leibniz ffg k

1111 g










































































Derivativeof Inverses eg Pf of some basicderivatives
Let f and f be inverses et e
Then f If x X

Let y e
f If 1 11471 1 1 bychainrule then eny daIy ty provedfromdefinition

If 19 1 1
f f yw d E dd qty Ly y e

Alternatively let y f N X fly arctanx t
Xi f y

f
Let g arctanx then x tany

then I _ddf ddjdd doff
Leg stay it'tanzy

dd i daxarctanx
dy I 1 2










































































arcsinx Physical Meaningof derivatives

Let g arcsinx then sing
dd Rate of changeof y relativeto

dy I I I
eg Let Xlt displacement at time t

DX dx cosy 11 singdy Sint

sing cosy I cosy _III sing it f
EOooo

f arcsinx C I E E cosy o TT.EE
Moves between Il

s cosy_11 sing x'It _vltI velocity cost
X Its _att acceleration SintE Prove areas x f x
egarcsecxt

1 2 If P population did growthrate
Rmk

arcsecitas I u 1 as fo Ivf it If Q charge d current










































































Rate of Change howVchanges relative to r
I

Far's DI DI drEf Suppose a sphericalsnowball dt dir dt
melts at a rate of 2cmYmin 2 4 r DIdt
Find the rate of change of its dr Ii dt 21T r
radius and surface area when

dr I 1
its radius is 6cm At r 6 2171612 721T

Cm min

Sol Lett be the time 5 4 r's DI dots DI
dt dtLet the snowball haveradius r

surface area S volume V 8 r f r

Then ok rateof changeof V 1
dt r

Z dd It I cmyminIt r 6 3










































































Implicit differentiation dy
es consider circle b x4y2 5 dx 5 1 5 125T L
Find equation of tangent at 11 21 Equation of tangent y Elt l 2

Sol Method 1 Implicitdifferentiatim

X y 5
1 2

Sol Method I IExpressy intermsof
APPLY dd on bothsides

adj d ly
d 15x4y2 5 y 115 R dx DX

Near 21 y o 2x 2ydd o ddhf ddtfy.dk

y 5 x f5

xyt2ddYfC5 X25tf zx
dd I

iz d't same
x 5 R DX i 2 I L answer










































































eg Let le X't y 9Xy 0 day 3141 I
Showthat 2,41 is on G

DX12,41 42 312
180 45

Findequationof tangent at 12,4 Tangent g I Ix 2 t 4
4 5y 112 O

Sol Put 12,4 into G

LHS 23 43 9121141 0 13HS

12,4 is on b

Apply adj to X't y 9xy O 12,4

b

3k43gday 9g 9xdd O

dd 9g 3
2

3g q
3g ya
y 3K










































































es Suppose ye cos 2x 1g l Find y and y at ix y 40,1
Sol da the givenequation twice

y e't yet SinCarty 1 I2ty
Y e't y e't y'e tyE cosDirty 1 2ty'T oooo

sinuxty 1 y yet_cosaxtyD
Put IX y 10,1 into

y'll 1 I 0

Y'to I

Put IX y 10,1 into

y I I 11 11712 15 O Rmk Hard to express y
y so 0 as a function of X










































































Logarithmic Differentiation

eS Find y where y 2 sinxytanx
Method 2 Logarithmic Differentiation

Y 2tsinxytanxRecall

lny tanxln 2tsinx

dd a axa
g
eitherbaseor exponent

Apply adjis a constant

dqa Ana a Cannotapplydirectly
tyyi seexenlztsmxl taznfs.TN

Sol Method 1 Trick g d t
uj yfseixlnhtsmxl zfs.fm

y elnY etanXlnl2tsinx tanx
base is constant 2tsinx seixlnl2 smxtzfisinxtanxlnl2sinx

lanxcosxy.eeseixlnhtsmxl z.is n
Rmk Method 1 and 2 use sameidea

tanx
2tsinx seixlnl2 s.mx zfisinx just different presentations










































































es Let y µ 1131 46 Pf of Power rulebylog differentiation2 1715
Find y bylogarithmic differentiation Let y Xa X O

Sol

lny I 3lnlx btlnlx q senczx.mg
then lny lnXa alnx

day tyg a
Fx yyi zfx.it o z'In

y 41 2x lo
g

Y Aff
Z X 16 2 17 Axa

x
Rmk genki adjxa ax
X I ensures that
is defined

Moregenerally

lnlxl for O








































Derivatives of Piecewise functions Near0 fix is notdefinedby a singleformula

Y is if zo
i Needto find f O fromdefinition

et f
sin if Xso Lf'lo Rf'l0

Find f X and f X limfloth fIO limfloth fIO
h70 h h701 h

Sol Xsink Xs fishy hSinh 03 lim h 03

j h not h

him hsin'h fifth
For x 0
f A P andsameformulanearby

0 Sandwich1hm O

fix 3 2 Lf'CO RHO _O f lo existsandflog O

Similarly for KO Warning Wrongway to computeFCO
f x _rising andnearby fcxy x3 for xzo f'N 3x for X O
fix 2xsin cos f 01 3105 0



3 2 if x o
i fix 0

if I2xsink cost

Bysimilarargument Exercise

6X if x o
f txt DIVE

it Oo
2 F sink I cost

Rmk Anotherway to show f lol DNE

f X is not continuous at 0

f ex is not differentiable at 0

f O DIVE


